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MINIMAL SURFACES AND EIGENVALUE PROBLEMS 

AILANA FRASER AND RICHARD SCHOEN 

ff^ , Abstract. We show that metrics that maximize the fc-th Steklov eigenvalue on surfaces 

with boundary arise from free boundary minimal surfaces in the unit ball. We prove sev- 
eral properties of the volumes of these minimal submanifolds. For free boundary minimal 
submanifolds in the ball we show that the boundary volume is reduced up to second order 
under conformal transformations of the ball. For two-dimensional stationary integer mul- 
tiplicity rectifiable varifolds that are stationary for deformations that preserve the ball, we 
prove that the boundary length is reduced under conformal transformations. We also give 

CO ' an overview of some of the known results on extremal metrics of the Laplacian on closed 

surfaces, and give a survey of our recent results from [FS2j on extremal metrics for Steklov 

r ^ ' eigenvalues on compact surfaces with boundary. 

t^ ■ 1. Introduction 

Given a smooth compact surface M, the choice of a Riemannian metric g on M gives a 
Laplace operator A^, which has a discrete set of eigenvalues 

Ao = < Ai < A2 <...< Afc <...-)■ oo. 

10 ' A basic question is: Assuming we fix the area to be 1, what is the metric that maximizes the 

first eigenvalue? Does such a metric exist? If so what can we say about its geometry? If we 
assume that we have a smooth metric g that realizes the maximum, then it turns out that 
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^ I the multiplicity of the eigenvalue is always at least 3, and the maximizing condition implies 

cn ■ that there are independent eigenfunctions ui, . . . ,m„+i with the property that ^ |mjP = 1 

on M and the map u = [ui, . . . , Un+i) defines a conformal map to S"' with n > 2 (see [Nj). 

This implies that the image surface S = u{M) is a minimal surface in S"", that is, the mean 
^ I curvature of S is zero. Furthermore, the optimal metric g is a. positive constant times the 

H ' induced metric on S from S*". 

■ ■ ■ There are few surfaces for which maximizing metrics are known to exist. In principle the 

cases with x(^) > are understood: 

• For S*^ the constant curvature metric is the unique maximum by a result of Hersch [H] 
from 1970. 

• For RP^ the constant curvature metric is the unique maximum by a result of Li and 
Yau jLY] from the 1980s. The Veronese minimal embedding of RP^ into S*^ is key. 

• For T^ the fiat metric on the 60° rhombic torus is the unique maximum by a result of 
Nadirashvili [N] from 1996. It can be minimally embedded into 5*^ by first eigenfunctions. 
In 2000 El Soufi and Ilias |EI2] showed that the only other smooth critical metric is the fiat 
square torus which can be minimally embedded into S^ as the Clifford torus. 
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2 AILANA ERASER AND RICHARD SCHOEN 

• For the Klein bottle the extremal metric is smooth and unique but not flat. This follows 
from work of Nadirashvili [N] from 1996 on existence of a maximizer, Jakobson, Nadirashvili, 
and Polterovich [JN Pj from 2006 who constructed the metric, and El Soufi, Giacomini, and 
Jazar |EGJ] from 2006 who proved it is unique. The metric arises on a minimal immersion 
of the Klein bottle into S'^. 

The case of the torus and the Klein bottle rely on a difficult existence theorem which was 
posed along with an outlined proof by Nadirashvili [N] . 

For large genus one might hope to understand the asymptotic behavior. If we fix a surface 
M of genus 7, then we can define 

A*(7) = sup{Xi(g)A(g) : g smooth metric on M}, 

where A[g) denotes the area of {M,g). Yang and Yau |YY] have shown 

A*(7)<87r ^^^ 

It was also shown by the combination of Buser, Berger, and Dodzuik |BBDj and Brooks and 
Makover [BMJ that for large 7 there is a hyperbolic metric with Ai > ^. This implies the 
lower bound 

A*(7)>^vr(7-1). 

It is natural to ask similar questions and look for optimal metrics on surfaces with bound- 
ary. Note that a minimal submanifold Tj^ in 5" is naturally the boundary of a minimal 
submanifold of the ball, the cone C(S) over E. The coordinate functions of R""^^ restricted 
to C(S) are harmonic functions which are homogeneous of degree 1, so on the boundary 
they satisfy Vr^Xj = Xi where t] is the outward unit normal vector to 9C(E). More generally, 
a proper minimal submanifold S of the unit ball -B" which is orthogonal to the sphere at the 
boundary is called a free boundary submanifold. These are characterized by the condition 
that the coordinate functions are Steklov eigenfunctions with eigenvalue 1; that is, Axj = 
on S and V-^Xi = xi on (9E. It turns out that surfaces of this type arise as eigenvalue 
extremals. 

Some examples of free boundary submanifolds in the unit ball are the following: 

Example 1.1. Equatorial A;-planes D^ C -B" are the simplest examples of free boundary 
minimal submanifolds. By a result of Nitsche [Ni] any simply connected free boundary 
minimal surface in B^ must be a fiat equatorial disk. However, if we admit minimal surfaces 
of a different topological type, there are other examples, as we explain. 

Example 1.2. Critical catenoid. Consider the catenoid parametrized on M x 5^ given by 

(p{t,6) = (coshtcos6', coshtsin6', t). 

For a unique choice of Tq the restriction of ip to [— Tq, Tq] x S*^ defines a minimal embedding 
into a ball meeting the boundary of the ball orthogonally. We may rescale the radius of 
the ball to 1 to get the critical catenoid. Explicitly Tq is the unique positive solution of 
t = cotht. 
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Example 1.3. Critical Mobius band. We think of the Mobius band M as M x S*^ with the 
identification (t, 6) ^ {—t, 6 + tt). There is a minimal embedding of M into M^ given by 

if{t,6) = (2sinhtcos^, 2sinhtsin^, cosh2tcos20, cosh2tsin2^). 

For a unique choice of Tq the restriction of ip to [— Tq, Tq] x S^ defines a minimal embedding 
into a ball meeting the boundary of the ball orthogonally. We may rescale the radius of the 
ball to 1 to get the critical Mobius band. Explicitly Tq is the unique positive solution of 
coth t = 2 tanh 2t. See |FS2 j for details. 

A consequence of the results of |FS2] (see SectionlUfor a description) is that for every k > 1 
there exists an embedded free boundary minimal surface in B^ of genus with k boundary 
components. We expect that there are arbitrarily high genus free boundary solutions with 
three boundary components in B^ which converge to the union of the critical catenoid and 
a disk through the origin orthogonal to the axis. 

As stated above, free boundary submanifolds are characterized by the condition that the 
coordinate functions are Steklov eigenf unctions with eigenvalue 1 ( |FS1] Lemma 2.2). If 
(M, g) is a compact Riemannian manifold with boundary, the Steklov eigenvalue problem is: 

AgU =0 on M 
g = au on dM, 

where t] is the outward unit normal vector to dM, cr G M, and u G C°°{M). Steklov eigenval- 
ues are eigenvalues of the Dirichlet-to-Neumann map, which sends a given smooth function 
on the boundary to the normal derivative of its harmonic extension to the interior. The 
Dirichlet-to-Neumann map is a non-negative, self-adjoint operator with discrete spectrum 

(To = < CTi < (72 <•••< CTfc <••• —^ C)0. 

The first nonzero Steklov eigenvalue can be characterized variationally as 

(Ti — mi —p — 

and in general. 



mf < -'^/ , ' : / M0, = Oforj 



afc = inf <! ^^p— ^^^- : / m0,- = for j = 0, 1, 2, . . . , A; - 1 

where (j)j is an eigenfunction corresponding to the eigenvalue cxj, for j = l,...,A; — 1. The 
Steklov eigenvalues of surfaces satisfy a natural conformal invariance: 

Definition 1.4. We say that two surfaces Mi and M2 are a -isometric (resp. a-homothetic) 
if there is a conformal diffeomorphism F : Mi — )■ M2 that is an isometry (resp. a homothety) 
on the boundary; that is, F*g2 = X^gi and A = 1 on dMi (resp. A = c on dMi for some 
positive constant c). 

Note that, 

• If Ml and M2 are a-isometric then they have the same Steklov eigenvalues. 

• If Ml and M2 are a-homothetic then they have the same normalized Steklov eigen- 
values; that is, ai{Mi)L{dMi) = ai{M2)L{dM2) for each i, where L{dMi) denotes 
the length of dMi. 
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The outline of the paper is as follows. In Section |2] we discuss the connection between 
maximizing metrics and minimal surfaces. The main result we prove is that if go is a metric 
that maximizes the k-th normalized Steklov eigenvalue ak{g)Lg{dM), over all smooth metrics 
g on a compact surface M with boundary, then g^ is a-homothetic to the induced metric on 
a free boundary minimal surface in 5". This generalizes the case k = 1 which we proved 
in |FS2] . If go maximizes a^L in a conformal class of metrics on M, we show that (M, (^o) 
admits a harmonic map into B^ satisfying the free boundary condition, and such that the 
Hopf differential is real on the boundary. We also give new proofs of the corresponding 
results for closed surfaces, which do not require analytic approximation. In Section [3] we 
discuss properties of the volumes of free boundary minimal submanifolds in the ball. We 
show that free boundary minimal surfaces in the ball maximize their boundary length in their 
conformal orbit, and for higher dimensional free boundary minimal submanifolds we show 
that the boundary volume is reduced up to second order under conformal transformations 
of the ball. Finally, in Section H] we give a brief overview of our recent results from |FS2] on 
existence of maximizing metrics and sharp bounds for the first Steklov eigenvalue. 

2. The structure of extremal metrics 

In this section we summarize the connection between extremal metrics and minimal sur- 
faces. Nadirashvili [N] and El Soufi and Ilias |EI2j showed that a metric that maximizes the 
functional Xi{g) on the set of Riemannian metrics g of fixed area on a compact surface M 
arises as the induced metric on a minimal surface in a sphere S"'. In |EI3j . they extended 
the result to higher eigenvalues. Below we give a different proof, which follows some of the 
same arguments, but does not require analytic approximation. 

Proposition 2.1. Let M be a compact surface without boundary, and suppose go is a metric 
on M such that 

\k{go)Ag,{M) = max\k{g)Ag{M) 

3 

where the max is over all smooth metrics on M . Then there exist independent k-th eigen- 
f unctions Ui, . . . ,Un which, after rescaling the metric, give an isometric minimal immersion 
u = (til, • • • 5 w„) of M into the unit sphere S"'~^. 

Proof. First we note that if / < A; and Xi{go) = ^k{go), then go maximizes XiA. Let / be such 
that Xi{go) = Xk{go) and \i^i{go) < Xi{go). Let g{t) be a family of smooth metrics on M with 
g{0) = go and ^g{t) = h(t), where h{t) G S'^{M) is a smooth family of symmetric (0,2)- 
tensor fields on M. Denote by Ei{g(t)) the eigenspace corresponding to the i-th eigenvalue 
Aj(t) of {M,g{t)). Define a quadratic form Qh on smooth functions u on M by 

Qhiu) = - {t{u) + -^u'^g{t), h) dat, 

where t{u) is the stress-energy tensor of u with respect to the metric g{t\ 

t{u) = du® du |Vup(7. 

Lemma 2.2. A;(t) is a Lip schitz function oft, and if Xi{to) exists, then 

M^o) = Qhiu) 
for any u G Ei{g{to)) with \\u\\l2 = 1. 
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Proof. Let 

Sit) = vj\-J,EMt)). 

Then £{t) is of constant dimension / and varies smoothly in t for small t. Let 

Pt:L\M,g(t))^£{t) 

be the orthogonal projection onto £{t). 

To see that \i{t) is Lipschitz for small t, let ti 7^ t2 and assume without loss of gener- 
ality that A/(ti) < \i{t2). Now let u be an /-th eigenfunction for g{ti) normalized so that 
Jj^u"^ dat^ = 1. It then follows easily from the fact that the path g{t) is smooth that 



and 



iV'^wp dat, - / |V*'Mr dat^l < c\ti - tal 

M Jm 

/ u^ dat^- I M^ (iotal < c|ti - t2|, \PtA'^) - Pt2{u)\ < c\ti - t2\. 
Jm Jm 



Therefore we have 

Im(^ - Pt2iu)y dat^ JM 



AKti) - A,(t2)| = Mh) - Mh) < r , „ / NX9 , / |V ^u\ dat^ < c\ti - tsi 



and Xi{t) is Lipschitz. 

Choose Uq G Ei{g{tQ)) and let ■u(t) = -Uq ^ Pt{uo)- Let 



F(t) = / \Wu(t)y dat - Xiit) I u\t) dat. 
Jm Jm 

Then F{t) > 0, and -F(to) = 0, and we have F{to) = 0. Differentiating F with respect to t 
at t = to "we therefore obtain 

/ [2(Vmo,Vmo) - {duo(g)duo- -\Vuo\^g,h)] dat^ 
Jm ^ 

= Xi{to) / ul data + A/(to) / [2^0^*0 + 7;^o{9, h) ] dat^. 
Jm Jm ^ 

Since uq is an /-th eigenfunction, we have 



(Vmo, Vmo) dat,, = Ai(to) / UqUo dat^. 

m Jm 

Using this, and if we normalize mq so that ||-uo||l2 = 1, we have 

Mto) = - {t{u) + -^u^g{t), h) dat^ = Qh{uo). 
Jm ^ 



D 



Let L^(S'^(M)) denote the space of L^ symmetric (0, 2)-tensor fields on M with respect to 
the metric g^. 

Lemma 2.3. For any u G L^(S'^(M)) with Jj^{go,u) dag,^ = 0, there exists u G Ek{go) with 
\\u\\i2 = 1 such that Q^(u) = 0. 
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Proof. Let u G L^(S'^(M)), and assume that fj^j{go,u) dagg = 0. Since C°°{S'^{M)) is dense 
in L^(5'^(M)), there is a sequence hi in C'^{S^{M)) with J^^{go,hi) dag^^ = 0, such that 
/i,- — !■ w in L^. 



>l9o(AO 



^gO+thi{M) 



Let (?(t) = ^2°r(M) (^o + ^^^)- Then (^(O) = go, A,(,)(M) = A,„(M), and since 

d 



,. ^90+thAM) = / {go, hi) dagg = 
ai t=o j]\j 

we have -#|,_n = ^i- Given any e > 0, by the fundamental theorem of calculus, 



dt 1 1=0 



Xi{t) dt = A;(0) - Xi{-e) > 

by the assumption on go. Therefore there exists t, —e<t<0, such that A/(t) exists and 
Xi{t) > 0. Let tj be a sequence of points with tj < and tj — )■ 0, such that Xiitj) > 0. 
Choose Uj G Ei{g(tj)) = Ek{g(tj)) with ||'Uj||l2 = 1- Then, after passing to a subsequence. 



jy 



Mj converges in C'^{M) to an eigenfunction u G Ek{go) with ||m_ 11^2 = 1. Since Qh^u 
^i{ij) ^ 0, it follows that Qhi{u_) > 0. By a similar argument, taking a limit from the 
right, there exists u^ G Ek{gQ) with Hm^^ ||2,2 = 1, such that Qhi{u+) < 0. 
After passing to subsequences, u^ — )■ «+ and «_ — ;■ «_ in C^(M), and 

Q^K)= limg,,^(M^))<0 

i—^oo 

D 

Without loss of generality, rescale the metric go so that \k{go) = 2. The remainder of the 
argument is as in |EI2] . Let K be the convex hull in L'^{S'^{M)) of 

{t{u) +u^go ■■ u G Ekigo)}- 

We claim that go G K. If (70 ^ K, then since K is a convex cone which lies in a finite 
dimensional subspace, the Hahn-Banach theorem implies the existence of w G L^(S'^(M)) 
that separates ^^o from K; in particular such that 

/ {gQ,u}) dag^ > 0, and 
Jm 

/ {t{u) + u^go, u) dttg,^ < for all u G Ek{go) \ {0}. 

JM 

Let 

Cj = u 



2Ag„{M)J,, 



{go,(^) dagg go. 
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Then, J^j{go,Cj) dag^ = 0, and 

Qcjiu) = - / {t{u) +u'^go,Cj) dago 
Jm 

Im{9o,^) dag,> f 2 

,/'^^^ ' -— /-^o- Ag,{M) A/ ^^'° 



= — / {t{u) + u go,^) dago -\ — ^ — jj—^ / u da. 

> 0. 



This contradicts Lemma 12.31 Therefore, go G K, and since K is contained in a finite 
dimensional subspace, there exist independent eigenfunctions mi, . . . ,m„ G -Efc(fl'o) such that 

n ^ 

'^{dui (g) dui - -\Vui\^go + ulgo) = go 

i=l 



This imphes that ^^ uf = 1 and ^^ (iwj ® (iwi = (^o- Thus u = (mi, . . . , m„) : M — )• S'''" "is 



"in— 1 

an isometric minimal immersion. D 



We turn now to the Steklov eigenvalue problem. In |FS2] we proved that metrics that 
maximize the first Steklov eigenvalue arise from free boundary minimal surfaces in the unit 
ball. The proof is more complicated in the Steklov eigenvalue setting because the quadratic 
form Q has both an interior and a boundary term. Here we extend our result |FS2j for cxi 
to higher Steklov eigenvalues. 

Proposition 2.4. If M is a surface with boundary, and go is a metric on M with 

akigo)LgoidM) = max a k{g)Lg{dM) 

9 

where the max is over all smooth metrics on M . Then there exist independent k-th eigen- 
functions ui, . . . ,Un which give a conformal minimal immersion u = {ui, . . . , «„) of M into 
the unit ball B^ such that u(M) is a free boundary solution, and up to rescaling of the metric 
u is an isometry on dM . 

Proof. First we note that ii I < k and cri{go) = o-kigo), then go maximizes cxiL. Let / be 
such that (Ji{go) = o'kigo) and ai^i{go) < ciigo)- Let g(t) be a family of smooth metrics on 
M with g(0) = go and -^g{t) = h{t), where h{t) G S'^{M) is a smooth family of symmetric 
(0, 2)-tensor fields on M. Denote by Ei{g{t)) the eigenspace corresponding to the i-th Steklov 
eigenvalue aj(t) of {M,g{t)). Define a quadratic form Q^ on smooth functions u on M as 
follows 

Qhiu) = - / {T{u),h)dat ^—— / u^h(T,T) dst, 



Jm 2 jQ^j 

where T is the unit tangent to dM for the metric go. 

Lemma 2.5. cr;(t) is a Lipschitz function oft, and if &i{to) exists, then 

CTiito) = Qh{u) 
for any u G Ei{g(to)) with \\u\\l2 = 1. 
Proof. Let 

Sit) = u^lEMt))- 
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Then S{t) is of constant dimension / and varies smoothly in t for small t. Let 

Pt:L\dM,g{t))^S{t) 

be the orthogonal projection onto S{t). 

To see that (Ti{t) is Lipschitz for small t, let ti 7^ t2 and assume without loss of generality 
that o"/(ti) < cri[t2). Now let u be an l-th Steklov eigenfunction for g{ti) normalized so that 
Jgjy^u'^ dst^ = 1. It then follows easily from the fact that the path g{t) is smooth that 

|V*1m|^ rfat, - / |V*'m|^ rfot^l < c|ti -t2| 



'M JM 

and 

\ u^ dst, - u^ dst^l < c\ti - t2\, \Pti{u) - Pt2{u)\ < c\ti - t2\ 

JdM JdM 

Therefore we have 



and aiif) is Lipschitz. 

Choose Mo £ Ei{g{to)) and let u{t) = Uo — Pt{uo). Let 

F{t) = / \Vu{t)\^ dat - ai{t) / u^{t) dsf 

J M JdM 

Then F(t) > 0, and -F(to) = 0, and we have -F(to) = 0. Differentiating F with respect to t 
at t = to we therefore obtain 

[2(Vmo, Vmo) - {duQ(g)duo- -\Vuo\^g,h)] dat^, 

M ^ 

= &i{to) / ul dsn, + o-/(to) / [2moMo + -ulh{T,T) ] dst^. 

JdM JdM ^ 

Since uq is an /-th Steklov eigenfunction, we have 

/ (Vmq, Vmo) dat^, = ai{to) / uqUq dst^- 

J M JdM 

Using this, and if we normalize mq so that ||-uo||i2 = 1, we have 

crz(to) = - / {duQ (g) duo - -IVmqPs', h) data ^— ^ / ulh{T,T) dst^ = Qh{uo)- 

Jm 2 Z Jqj^ 

U 

Consider the Hilbert space "H = L^(S'^(M)) x L'^[dM), the space of pairs of L^ symmetric 
(0, 2)-tensor fields on M and L^ functions on boundary of M with respect to the metric go. 

Lemma 2.6. For any (w, /) G "H with J^j^ f ds = 0, there exists u G -Efc(fi'o) if^^^ II'^IIl^ = 1 
such that {{u, ^^/), {t{u),u^))l2 = 0. 
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Proof. Let (w, /) G n, and assume that J^j^^ f ds = 0. Since C^{S^{M)) x C°°{M) is dense 
in L'^{S'^{M)) X L'^[M)), we can approximate {uj,f) arbitrarily closely in L^ by a smooth 
pair (/i, /) with J^^ f ds = 0. We may redefine /i in a neighbourhood of the boundary 
to a smooth tensor whose restriction to dM is equal to the function /, and such that the 
change in the L^ norm is arbitrarily small. In this way, we obtain a smooth sequence hi with 
Jqj^ hi{T, T) ds = 0, such that {hi, hi{T, T)) -> {u, f) in L^. 

Let git) = 4;°i^gI,) (^o + t/i,). Then g{Q) = go, Lg^t){dM) = L,,{dM), and since 



d 
dt 



Lg^+thAdM)= [ h,{T,T)ds 

^ JdM 



t=0 JQM 

we have ^|j_q = hi. Given any e > 0, by the fundamental theorem of calculus, 

&i{t) dt = ai{0) - ai{-e) > 

by the assumption on qq. Therefore there exists t, —e < t < 0, such that (Tiit) exists and 
o'lit) > 0. Let tj be a sequence of points with tj < and tj — )■ 0, such that CTiitj) > 0. 
Choose Uj G Ei{g(tj)) = Ek{g(tj)) with ||mj||l2 = 1- Then, after passing to a subsequence, 
Uj converges in C'^{M) to an eigenfunction u_ G Ek{go) with ||-u^^||/^2 = 1. Since Qh^^ 



3i 



^i{ij) ^ 0, it follows that Qhi{ul) > 0. By a similar argument, taking a limit from the 
right, there exists u^l G Ek{go) with ||-u^'^||2,2 = 1, such that Qhii^+j ^ 0- 
After passing to subsequences, u^ — ?■ u+ and u_ — )■ U- in C'^(M), and 

((a;, ^^/), (rK), 0)^2 = - lim Q.^u?) > 
{{CO, ^^/), (r(«_), «2_))^2 = - hm Q,^(««) < 0. 

n 



Without loss of generality, rescale the metric go so that fTfc(5'o) = 1- Let K be the convex 
hull in "H of 

{(r(M),M2) : ueEkigo)}. 

We claim that (0, 1) G ir. If (0, 1) ^ -ft', then since K is a convex cone which lies in a finite 
dimensional subspace, the Hahn-Banach theorem implies the existence of {u, /) G "H such 
that 

{ico,^f),iO,l))L'2>0, and 
{{oo, ^f), {r{u),u^))L2 < for all u G E^igo) \ {0}. 
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Let / = / - i^^pgj Jqm f ds. Then, J^^^j f ds = 0, and 

((^,o/)>(^(w).w^))l2 = / {uj,t{u)) da+ - I fu'^ds 

1 ^ u^ ds ^ 

= {{uj, -/), {t{u), u')),. - f^^^^ ((^, 2^)' ^°' ^^^'^ 

<0. 

This contradicts Lemma 12.61 Therefore, (0, 1) G K, and since K is contained in a finite 
dimensional subspace, there exist independent eigenfunctions Mi, . . . , u„ G E^^go) such that 

ran _. 

n 

1 = ^ M^ on 9M 
Thus u = (mi, . . . ,Un) '■ M — 7- i?" is a conformal minimal immersion. Since Ui is a fc-th 

drj 



Steklov eigenfunction and Okigo) = 1, we have ^ = Uj on dM for i = 1, . . . , n. Therefore, 



du 



uV = 1 on (9M, 



dr] 
and since m is conformal, u is an isometry on dM. D 

We conclude this section by mentioning the corresponding results for the problem of 
maximizing eigenvalues within a conformal class of metrics. El Soufi and Ilias |EI2] showed 
that if a metric g maximizes A^ among all metrics in its conformal class, then (M, g) admits 
a harmonic map of constant energy density into a sphere. Here we give an alternate proof of 
this using the method of our proof of Proposition 12. II above which does not require analytic 
approximation. 

Proposition 2.7. Let M be a compact surface without boundary, and suppose go is a metric 
on M such that 

\k{go)Ag^{M) = max\k{g)Ag{M) 

9 

where the max is over all smooth metrics on M in the conformal class of g^. Then there exist 
independent k-th eigenfunctions ui, . . . ,Un such that Yl^=i ^? = 1- That is, u = {ui, . . . , Un) : 
(M, f7o) -^ S^~^ is a harmonic map with constant energy density e{u) = Afc/2. 

Proof. Let g(t) = e^^^^g^ be a smooth family of metrics with g{0) = g^ and -^g{t) = ip{t)gQ. 
Let / be such that \i{go) = \k{go) and Xi^i^go) < \i{go). Then, using Lemma [2T2| we have 
that Xi{t) is a Lipschitz function of t, and if A; (to) exists, then 

A/(^o) = Q^{u) := -Xi{go) / uV dato. 

Jm 
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By the same argument as in Lemma 12131 for any / G L^(M) with J^j f dag^ = 0, there exists 
u G Ek{go) with ||m||l2 = 1 such that Qf{u) = 0. We may then complete the proof using 
the Hahn-Banach argument as before. Let K be the convex hull in L'^{M) of {u^ : u G 
Ek{go)}. Arguments similar to the proof of Proposition 12. II imply that the constant function 
1 belongs to K. Therefore, there exist mi,...,m„ G Ek{go) such that Y17=i'^'i ~ ^- Then 
u = {ui, . . . , Un) : M — 7- 5*^ is a harmonic map, and 2e{u)u = An = X^u, so e{u) = Afc/2. D 

For maximizing Steklov eigenvalues in a conformal class of metrics we have the following. 
The proof is slightly simpler than the case of maximizing akL over all metrics, because 
when restricted to conformal variations of the metric the quadratic form Q does not have an 
interior term. 

Proposition 2.8. If M is a surface with boundary, and Qq is a metric on M with 

ak{go)Lgo{dM) = maxak{g)Lg{dM) 

9 

where the max is over all smooth metrics on M in the conformal class of g^. Then there 
exist independent k-th eigenf unctions Ui,...,Un such that XliLi "^^ = 1 on DM. That is, 
u = (mi, . . . , Un) '■ (M, dM) — !■ (i?", dB") is a harmonic map and the Hopf differential of u 
is real on dM. 

Proof. Let g{t) = e°'^^^go be a smooth family of metrics with g(0) = g^ and -^g{t) = (p{t)go. 
Let / be such that (Ti{go) = (Jk{go) and (Ti_i{go) < ai^go). Then, using Lemma [2^ we have 
that aiit) is a Lipschitz function of t, and if a; (to) exists, then 

o-^^o) = Qv{u) ■■= ^—^ / mV dstg. 

^ JdM 

By the same argument as in Lemma [2.31 for any / G L'^{dM) with Jg^y^ / dsg^ = 0, there 
exists u G Ek{go) with ||M||L2(9Af) = 1 such that Qf{u) = 0. We may then complete the 
proof using the Hahn-Banach argument as before. Let K be the convex hull in L'^{dM) of 
{u^ : u G Ek{go)}. Arguments similar to those in the proof of Proposition 12.11 imply that 
the constant function 1 belongs to K. Therefore, there exist mi, . . . ,m„ G Ek{go) such that 
Y17=i w^ = 1 on dM. Then u = (mi, . . . , «„) : M — )■ 5" is a harmonic map, with u{dM) C B^ 
and meeting dB^ orthogonally. Then m^ ■ m^ = on dM, and the Hopf differential of u is 
real on the boundary of M. D 

To elucidate the condition described in the previous proposition, we describe the notion 
of a ^-harmonic map from dM to dQ where M is a Riemann surface with boundary and Q 
is a Riemannian manifold with boundary. We say that u : dM — )■ dfl is ^-harmonic if there 
is a harmonic map u : M —^ Q with u = u on dM whose energy is stationary with respect to 
variations which preserve Q but do not necessarily preserve dQ. This is the condition that 
the normal derivative of the map is parallel to the unit normal of dQ along the image of u. 
This notion has been formulated by Da Lio and Riviere |DRj in case M is the unit disk and 
f2 is a domain in M", and they have obtained delicate regularity results for |-harmonic maps 
from the unit circle to the sphere. In case f2 is a domain in M", and M is the unit disk, such 
maps arise as critical points for the H^'^ energy of the boundary map among maps from dM 
to dQ, and that is the reason for the terminology. The conclusions of the proposition are 
equivalent to the condition that m is a |-harmonic from dM to the sphere dB^. The results 
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of |DR] will be important for obtaining the regularity of metrics which maximize Steklov 
eigenvalues on surfaces with a fixed conformal structure. 

3. Volumes of Minimal Submanifolds 

In this section we discuss some properties of the volumes of the minimal surfaces that arise 
in the extremal eigenvalue problems as described in the previous section. In the case of closed 
surfaces, Li and Yau [LY] proved that minimal surfaces in S"" maximize their area in their 
conformal orbit, and El Soufi and Ilias |EIlj generalized this result to higher dimensional 
minimal submanifolds in S*": 

Theorem 3.1. Let H he a compact k-dimensional minimal submanifold in 5". Suppose 
f G G \0{n -\- 1), where G is the group of conformal transformations of S*". // S is not 
isometric to S^ then 

l/(S)|<|S|. 

This result in the two-dimensional case plays a key role in the characterization of the maxi- 
mizing metrics for Ai on the torus and Klein bottle (see [MRj . [N] , |JNP] ). The corresponding 
question for free boundary minimal submanifolds in the ball remains open. 

Question 3.2. Suppose H is a k-dimensional free boundary minimal submanifold in B^, and 
f -.B'' ^ 5" IS conformal. Is it true that |/(S)| < |S| ? 

On the other hand, for k = 2, we have the following result on conformal images of bound- 
aries of free boundary minimal surfaces. We proved this in |FS1] (Theorem 5.3) using 
different methods. 

Theorem 3.3. Let Tj be a minimal surface in B^ with dH C dB^ , meeting B^ orthogonally. 
Suppose f : B"^ -^ 5" is conformal. Then 

|/(9S)| < |as|. 

Proof. We use a first variation argument. Recall that the first variation formula is 



divE(\/) = / V -xds 

where divs(l^) = Xli^e,^ ■ Cj in an orthonormal tangent basis. 

Let u be the length magnification factor of /; that is, f*{5) = u'^6 where 6 is the Euclidean 
metric. It can be checked that there is a y G M" with \y\ > 1 so that u{x) = Ifz-p- If "we 

make the choice 

x-y 



V 



\x — y\^ 



in the first variation we can check that divs^ > and V ■ x = |(1 — m) on 9S. It then 
follows that 

0< / (l-u) ds= |9S| - |/(aS)|. 

D 
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Remark 3.4. The proof above uses only the first variation, and thus works for integer mul- 
tiphcity rectifiable varifolds which are stationary for deformations which preserve the balL 
This is the class of objects which are produced by Almgren [X] in the min/max theory for 
the variational problem. 

A lower bound on areas for free boundary surfaces follows from the boundary length 
decrease under conformal maps of the ball since such maps can be chosen which blow up any 
chosen point x G dH and the limit is an equatorial disk with area vr (for details see Theorem 
5.4 in jFST] ). 

Theorem 3.5. Let E^ be a minimal surface in B^ with dT, C dB"- , meeting dB^ orthogo- 
nally. Then 

|S| > TT. 

Equivalently, |9S| > 27r, since |9S| = 2|S|. 

When dTi is a single curve this result follows from work of Croke and Weinstein |CW] on 
a sharp lower length bound on 'balanced' curves. 

Corollary 3.6. The sharp isoperimetric inequality holds for free boundary minimal surfaces 
in the ball: 



S < 



Att 



It is natural to conjecture that Theorem 13.31 holds for higher dimensional free boundary 
minimal submanifolds in the ball: 

Conjecture 3.7. IfHisak dimensional minimal submanifold in the ball B"- with (9S C 5""^ 
and with the conormal vector of S equal to the position vector, then for any conformal 
transformation f of the ball we have \f{dY?)\ < |i9S|. 

Evidence for this conjecture is suggested by the following. By Theorem 13.31 it is true for 
k = 2. In the special case of a cone, Theorem 13. II implies the conjecture. Moreover, it is true 
in general that the boundary volume is reduced up to second order, as we prove in Theorem 
13.81 below. Finally, a consequence of the conjecture is that |E| > \B^\. This inequality was 
shown recently by a direct monotonicity-style argument by Brendle |Brj . 



Theorem 3.8. Let Tj be ak dimensional minimal submanifold in the ball B^ with dH C S"""^ 
and with the conormal vector ofE equal to the position vector. Given any v G S""'^, let ft be 
the one parameter family of conformal transformations of the ball generated by the gradient 
of the linear function in the direction v. Then, 



d^ 
dt^ 



\ft{dE)\ = -{k-l)k f \v^\^ dv < 0. 

JdT. 



t=0 JdT. 



Proof. Let E be a fc dimensional minimal submanifold in the ball B^ with 5S C 5*" ^ and 
with the conormal vector of S equal to the position vector. Given v G S*""^, let £ = x ■ f , 

en— 1 -rS^^^ 

where x is the position vector, and let X = V i = v , the component of v tangent 
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to ^"-^ Then, 
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d 

di 



|/i(9S)|= / divf^^ei:)Xdvt 

JdT. 



i dvf 



9S 



and 



(3.1^ 



^|/,(aE)| = -{k - 1) ^^ [X{i) -{k- l)f] dn, 



ik-l) 



9S 



'(.\^-{k-l)f 



dvi 



ik-l) / [{i-e)-{k-i)e] dvt 

JdT. 



-{k - 1) / (1 - kt) dVu 



where in the third equahty we have used |V" 



{v ■ x)' 



'. Set 



V = X — kiv. Then V ■ x 



On the other hand, 



ki , and by the first variation formula, 

1 - kf. 

2 _ ;j„,±|2 



diVEF= / V-X 
S JdT. 

divsl/ = k- k\v^ 



k\v~ 



where v'^ and v^ denote the components of v tangent and normal to S. Therefore, 



{l-kt)dv = k / \v^Y dv. 
Substituting this in ( 13.ip . we obtain 



dt^' 



= -{k - l)k I \v- 

t=0 JdT 



dv < 0. 



D 



This shows that the boundary volume of a free boundary minimal submanifold S in the 
ball is reduced up to second order under conformal images, however the following weaker 
question than Question 13.21 of whether the volume of S itself is reduced up to second order, 
remains open: 

Question 3.9. Suppose T, is a k-dimensional free boundary minimal submanifold in B^, and 
X is a conformal Killing vector field in B"^. Is it true that 5^E(X, X) < 0? 

On the other hand, by a subtle argument, we were able to show that the second variation 
of volume of S is nonpositive for the vector fields f ^, for any f G M" ( |FS2] Theorem 3.1). 

Theorem 3.10. // S'^ is a free boundary minimal submanifold in B" and v G M", then we 
have 

S^E{v^,v^) = -k [ \v^\^ dv. 
Jt 
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// E is not contained in a product Sq x M where Sq is a free boundary solution, then the 
Morse index ofE is at least n. In particular, if k = 2 and S is not a plane disk, its index is 
at least n. 

This index estimate for free boundary minimal submanifolds in the ball plays a key role in 
our sharp bounds for the first nonzero Steklov eigenvalue on the annulus and Mobius band 
from |FS2] . which we survey in the next section. 

4. Sharp Steklov eigenvalue bounds 

In this section we give a brief overview of our recent results from |FS2] on existence of 
extremal metrics and sharp bounds for the first Steklov eigenvalue. If we fix a surface M of 
genus 7 with k boundary components, we can define 

a*{-f,k) = snpai{g)Lg{dM) 



where the supremum is over all smooth metrics on M. By a result of Weinstock [Wj . 
cr*(0, 1) = 27r, and the supremum is achieved uniquely up to a-homothety by the Euclidean 
disk D. In general, we have the coarse upper bound 

a*{-f,k) < min{27r(7 + A;), 87r[(7 + 3)/2]}, 

which is a combination |FS1] Theorem 2.3 and [KNj Proposition 1. A basic question is: 
What is the value of a* (7, k) for other surfaces? Does a maximizing metric exist? 

In |FS2j we show that for any compact surface M with boundary, a smooth maximizing 
metric g exists on M provided the conformal structure is controlled for any metric near the 
maximum. For surfaces of genus zero with arbitrarily many boundary components we prove 
boundedness of the conformal structure for nearly maximizing metrics. Thus, we have the 
following existence result for maximizing metrics on surfaces of genus zero. 

Theorem 4.1. For any k > 1 there exists a smooth metric g on the surface of genus with 
k boundary components with the property cri{g)Lg{dM) = cr*(0, k). 

In the case of the annulus and the Mobius band, we explicitly characterize the maximizing 
metrics. Recall that for any free boundary minimal surface in the ball, the coordinate func- 
tions are Steklov eigenfunctions with eigenvalue 1. In the case of the critical catenoid and the 
critical Mobius band, the coordinate functions are in fact first Steklov eigenfunctions ( |FS1] 
section 3, |FS2j Proposition 7.1). Moreover, we show that these are the only free boundary 
annuli and Mobius bands such that the coordinate functions are first eigenfunctions: 

Theorem 4.2. Assume that Tj is a free boundary minimal annulus in B^ such that the 
coordinate functions are first eigenfunctions. Then n = 3 and S is the critical catenoid. 

Theorem 4.3. Assume that Tj is a free boundary minimal Mobius band in B"' such that the 
coordinate functions are first eigenfunctions. Then n = 4 and S is the critical Mobius band. 

By Theorem 14 . 1 1 1 here exists a maximizing metric on the annulus and on the Mobius band. 
By Proposition 12.41 these maximizing metrics are cr-homothetic to the induced metrics from 
free boundary minimal immersions of the annulus and Mobius band in 5". But then by the 
minimal surface uniqueness results above, these immersions must be congruent to the critical 
catenoid and critical Mobius band. Thus we have the following sharp eigenvalue bounds and 
explicit characterizations of maximizing metrics on the annulus and Mobius band. 
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Theorem 4.4. For any metric annulus M 

o-iL < (o-iL)cc 
with equality if and only if M is a-homothetic to the critical catenoid. In particular, 

a*(0,2) = (aiL),e^47r/1.2. 
Theorem 4.5. For any metric Mobius band M 

(JiL < {aiL)crnb = 27rV3 
with equality if and only if M is a-homothetic to the critical Mobius band. 

For surfaces of genus and A; > 3 boundary components we are not able to explicitly 
characterize the maximizing metrics, but we show that the metrics arise from free boundary 
surfaces in B^ which are embedded and star-shaped with respect to the origin, and we 
analyze the limit as k goes to infinity. 

Theorem 4.6. The sequence o"*(0, /c) is strictly increasing in k and converges to Att as k 
tends to infinity. For each k a maximizing metric is achieved by a free boundary minimal 
surface S^ in B^ of area less than 27r. The limit of these minimal surfaces as k tends to 
infinity is a double disk. 

As a consequence, we have the following existence theorem for free boundary minimal 
surfaces in the ball. 

Corollary 4.7. For every k > 1 there is an embedded minimal surface in B^ of genus with 
k boundary components satisfying the free boundary condition. Moreover these surfaces are 
embedded by first eig en functions. 
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